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1. Introduction
The usefulness of the Saint-Venant’s principle (SVP) in struc-
tural engineering and the mechanical sciences has urged many sci-
entists to expand its validity beyond its original intention. Even the
outstanding progress in numerical power for solving problems
with more realistic boundary data did not relax the need for fur-
ther examination of the validity of the SVP to newly encountered
conditions and materials in engineering. The work reported here
belongs to such efforts pertaining to the dynamic response of an
elastic strip.
One of the most commonly accepted criteria for a valid exten-
sion of the SVP to a problem that lies outside of the scope of linear
elasticity is its mathematical reduction to the classical formulation
(Boley, 2006). Originally, de Saint-Venant (1856, p. 188) suggested
that the deformation ﬁelds far from the loaded end of a prismatic
beam are determined exclusively by the static resultants
Feq ¼
X
F; Meq ¼
X
M ð1Þ
where F and M are the forces and moments applied at the end. Dif-
ferent loads with the same resultants are said to be equivalent in
the sense that they induce the same ﬁelds far from the loaded
end. The difference between two such problems with differently
distributed loads that have the same static equivalents leads to an-
other problem with self-equilibrated end loadsll rights reserved.F ¼ 0; M ¼ 0 ð2Þ
and negligible strains far from the loaded end.
This formulation of the SVP according to which self-equilibrated
loads applied at one end of the structure produce negligible strains
far from the loaded region (as formulated by Love (1944)) led to the
ﬁrst two rigorous proofs of SVP (Toupin, 1965, Knowles, 1966) 110
years after it was suggested. The bounds on the distance, at which
the effect of such loads can be neglected, are best estimated via
eigenfunction expansion (e.g., Horgan and Knowles, 1983).
That classical formulation of SVP, namely, the decay of end
effects associated with self-equilibrated loads, is also used as a cri-
terion for examining the validity of SVP in dynamic problems. Such
investigations are sometimes referred to as dynamic SVP (DSVP).
The ﬁrst investigation in that direction was suggested 55 years
ago by Boley (1955) and followed by many others. Due to the
non-decaying nature of the propagating waves in an elastic wave-
guide, even if generated by harmonic and self-equilibrated loads
(e.g., Boley, 1955, 1960, or Novozhilov and Slepian, 1965), it was
commonly agreed that the validity of DSVP is not justiﬁed, unless
a dissipating mechanism is introduced (e.g., Flavin and Knops,
1987) or clamping of lateral surfaces is applied (e.g., Knops,
1989), thereby eliminating propagating waves.
Recent work to formulate an analogue to SVP for dynamic prob-
lems includes a spectrum of different ideas, even within the lim-
ited scope of linearly elastic waveguides. Gomilko et al. (1995)
compared the amplitude of waves induced by a self-equilibrated
excitation to the amplitude of waves induced by non-self-equili-
brated excitations. That ratio turned out to be extremely small
for excitations with a low frequency, conﬁrming a form of DSVP.
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tation as a criterion for the validity of DSVP while concentrating on
conditions for the dynamic equivalence of various end excitations.
Nevertheless, a mathematical reduction of the zero average power
requirement for a dynamic ﬁeld to the classical requirement for de-
cay conditions of a static ﬁeld has not been demonstrated. To cir-
cumvent the situation where self-equilibrated loads generate
propagating waves, Berdichevsky and Foster (2003) suggested
examining, by statistical averaging the degree of violation of SVP
for dynamics. They derive a quantitative measure of error using
classical beam theory. This topic was further investigated by
Babenkova and Kaplunov, who examine in one study the condi-
tions on a low frequency excitation for not generating propagating
waves (Babenkova and Kaplunov, 2004). These conditions are con-
sidered as a deviation from the self-equilibrium conditions for sta-
tic decay. In their subsequent work, they evaluate the ratio of the
power generated by self-equilibrated loads to the power generated
by non-self-equilibrated loads for low frequencies (Babenkova
et al., 2005); their interpretation of DSVP resembles that of Go-
milko et al. (1995). More references related to DSVP can be found
in Karp (2005).
The present work studies several aspects related to SVP in the
context of the elastodynamic response of a strip. A formulation
of DSVP is suggested for the problem of the generation of steady-
state waves in an elastic, semi-inﬁnite strip by non-uniform, har-
monic, and symmetric excitations. The main guideline used in that
formulation was to preserve the practical aspects of the classical
SVP. The derivation is based on the general formulation of a wave-
guide’s response to an edge excitation, as discussed by Torvik
(1967) and Karp and Durban (1997, 2005). The requirement of spa-
tial decay due to the application of self-equilibrated loads is re-
placed by the requirement of decay due to the application of
dynamic loads having a zero average power. It is shown that this
zero average power condition coincides with the self-equilibrium
requirement in the limit of a vanishing frequency. Demonstration
of reduction of DSVP to the static version of SVP is based on the
bi-orthogonality property of wave modes, which is valid for
mixed-type end data, as shown by Fraser (1976).
Section 2 outlines the partition of the dynamic, steady-state re-
sponse of an elastic strip into two regions, each dominated by
either propagating or evanescent waves. This partition is utilized
in Section 3 to formulate the conditions for dynamic equivalence
under some restricting situations. The conditions for the spatial de-
cay of a dynamic ﬁeld are derived in Section 4 and associated with
the no-radiation condition. The effect of self-equilibrated loads on
the dynamic response of a waveguide and its relation to dynamic
equivalence is discussed in Section 5. In Section 6, the conditions
for a vanishing far-ﬁeld are shown to mathematically coincide with
the known conditions for the validity of the classical SVP. A discus-
sion of the results is given in Section 7.2. Near and far-ﬁelds in a strip
Consider a semi-inﬁnite strip with a thickness 2h made of
homogeneous, isotropic, elastic material that occupies the region
xP 0; jyj 6 h; jzj <1. The strip can be held under the plane strain
condition (the z coordinate is not active) while the faces
y ¼ h; xP 0; jzj <1 are free of tractions. At the end x ¼ 0, a har-
monic and symmetric (to the x—z plane) excitation is applied with
a circular frequency x
r0x ¼ A0lSðyÞeixt
u0y ¼ 0
at x ¼ 0 ð3Þ
where r0x ;u0y are the axial traction and the transversal displacement
at the end, respectively, SðyÞ is the form of the excitation, l is theshear modulus and A0 is the amplitude of the excitation (the real
parts of the expressions are understood throughout the paper).
The mixed nature of these boundary data is noted.
The dynamic response of a strip is governed by Navier’s equa-
tion of motion
ðkþ lÞ$ð$  uÞ þ l$2u ¼ q€u ð4Þ
where k and l are the Lame constants, q is the mass density, $ is
the gradient vector and u is the displacement vector, which has
two components
u ¼ uxiþ uyj ð5Þ
Here, for the two-dimensional problem posed, the both components
ux;uy depend only on the x and y coordinates and time t. The vectors
i,j are unit vectors in the x and y directions, respectively.
A general solution to this problem is given by Rayleigh and
Lamb, independently, using the method of separation of variables
uðx; y; tÞ ¼ AUðyÞeiðnxxtÞ ð6Þ
with
UðyÞ ¼ UxðyÞiþ UyðyÞj
Here, n is the wavenumber, UðyÞ is the associated cross-sectional
proﬁle for both velocity components (wave mode) and A is a com-
plex valued amplitude. By imposing the following stress free condi-
tions on the long faces
ry ¼ sxy ¼ 0 at y ¼ h ð7Þ
the Rayleigh–Lamb frequency equation is obtained (Achenbach,
1973)
tan ch
tan dh
þ 4n
2dc
ðn2  c2Þ2
 !1
¼ 0 ð8Þ
where c and d are deﬁned in Eq. (A.4) in Appendix A and the () sign
in Eq. (8) stands for symmetric and antisymmetric ﬁelds, respec-
tively. The solution of the frequency Eq. (8) is conveniently pre-
sented in frequency maps, after Mindlin (1960), which show the
available wavenumbers nn for any frequency.
Eq. (8) dictates a discrete relation between the frequencyx and
the wavenumber n. For a given frequency, Eq. (8) can be fulﬁlled by
real, complex or imaginary wavenumbers. Real wavenumbers rep-
resent propagating waves. Complex and imaginary wavenumbers
represent attenuating (or evanescent) waves with an exponential
decay. The characteristic attenuation length (depth of penetration)
is inversely proportional to the imaginary part of the wavenumber.
The distance at which only 1 percent of the original amplitude per-
sists is given from (6) as
l0:01 ¼ j lnð0:01ÞjjImfngj : ð9Þ
Except for a small frequency range, the smallest jImfngj for an
elastic waveguide has a typical value of 2/hmaking the attenuation
length l0:01 to be approximately 2h. At particularly small frequency
regions, just below any cut-off frequency, an extremely small value
for Imfng is possible (Karp and Durban, 2005).
The discrete nature of the solution of the frequency Eq. (8), to-
gether with the separation between propagating and evanescent
waves, allows one to write the solution (6) in the form
uðx; y; tÞ ¼
XN
n¼1
AnUnðyÞeiðnnxxtÞ þ
X1
n¼Nþ1
AnUnðyÞeinnxeixt : ð10Þ
The ﬁrst summation in (10) is taken over a ﬁnite number N of
propagating waves, while the second summation is over the inﬁ-
nite number of attenuating waves. Each wavenumber nn describes
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function UnðyÞ. The non-dimensional expressions for the displace-
ment ﬁeld (10) and expressions for the stresses, used in this work
for numerical calculations, are given in Appendix A. For the wave
mode expansion (10) to satisfy the arbitrary end data (3), the com-
pleteness of that expansion is assumed (e.g., Gregory and Gladwell,
1983, Gregory and Gladwell, 1984, based on Gregory, 1980).
The evanescent waves, represented by the second summation in
(10), can be said to die out at a distance bounded by l0:01 given in
Eq. (9). The response of the strip beyond that distance is, therefore,
contained in the propagating modes
ufar fieldðx; y; tÞ ¼
XN
n¼1
AnUnðyÞeiðnnxxtÞ ð11Þ
This response is referred to as far-ﬁeld. The ﬁnite number of
propagating modes N depends on the frequency, as shown by
any frequency map (e.g., Achenbach, 1973, Graff, 1975). The higher
the frequency, the more propagating waves are available to be
excited.Table 1
Average power (21) for excitations (19a,b) with the same amplitude A0 at two
frequencies for a strip with Poisson’s ratio m ¼ 1=4.
X 0.5 1.4
hP0ðS1Þi 1.230 1.1736
hP0ðS2Þi 0.505 0.705
hP0ðS1Þi=hP0ðS2Þi 2.435 1.6653. Dynamic equivalence at low frequencies
Consider symmetric excitations SðyÞ with mixed end data, gi-
ven by (3), that render a symmetric response of the strip. Further-
more, let us limit the frequency of the excitation so that it is
smaller than the ﬁrst cut-off frequency ðxcut-offÞ, region where only
one propagating symmetric wave is possible (for the exact values
of the cut-off frequency see Karp and Durban (2005)). Under these
restrictions, the displacement ﬁeld of the strip far from the excited
end (beyond l0:01) can be deduced from (11)
ufar-fieldðx; y; tÞ ¼ A1U1ðyÞeiðn1xxtÞ ð12Þ
where N ¼ 1 in (11), representing the sole, symmetric, propagating
mode available.
Let us now seek a direct relation between the end excitation (3)
and the displacement ﬁeld (12). The ﬁrst observation to be made is
the general property of linear operators that makes the time vari-
ation of the strip response (12) identical to the time variation of the
excitation (3), contained in x. In other words, the frequency con-
tent of the excitation and the response are identical. Next, for a
ﬁxed frequency x, the wavenumber n1 is uniquely determined
by the frequency Eq. (8), which in turn ﬁxes the transversal form
U1ðyÞ through Eq. (A.2). Then, the only parameter in the far-ﬁeld
response (12) that is not determined by the frequency is the ampli-
tude A1.
By the virtue of the bi-orthogonality property of the wave
modes, it was shown (Karp, 2008) that the amplitude of any prop-
agating mode n is related to the load excitation (3) by
An
A0
¼  1
Jn
Z h
h
ðSðyÞUnx ðyÞÞdy ð13Þ
where An is the complex amplitude of the nth mode, and
Jn 
Z h
h
ðTnxyUny  SnxUnxÞdy: ð14Þ
Here, Jn is a property of the nth wave mode. For the sole propagating
mode (12), the amplitude A1 is then determined by
A1
A0
¼  1
J1
Z h
h
ðSðyÞU1x ðyÞÞdy: ð15Þ
This expression provides the required relationship between the
amplitude of the propagating mode A1 and the excitation form S.
However, since the integral of the excitation S determines the
amplitude, the relation (15) is not unique; different loads Si mightproduce the same amplitude A1. If these loads oscillate with the
same frequency, they will be equivalent in the sense that they will
produce exactly the same propagating wave (12) in a strip.
To elicit the meaning of the integral in (15) and to identify the
unique characteristics of the equivalent excitations Si, we recall a
fundamental property of propagating waves. In non-dissipative
media (as assumed here), propagating waves do not attenuate
and have an average power transmission (per unit length in the z
direction, averaged over the strip width 2h, and averaged over
the time period T ¼ 2p=x) given by
hPi  1
T
1
2h
Z T
0
Z h
h
ðr  _uÞdydt: ð16Þ
That expression is valid at any cross-section of the strip, irre-
spective of the existence of evanescent waves. For harmonic waves,
Eq. (16) will take the form
hPi ¼
X
n
hPni ¼  14hxl
X
n
jAnj2ImfJng n ¼ 1; . . . ;N ð17Þ
where, in general, the sum is taken over the N propagating modes
available at any given frequency x. For low frequencies, as deﬁned
above (and only symmetrical excitations) the average power is gi-
ven by
hP1i ¼  14hxljA1j
2ImfJ1g ð18Þ
where N ¼ 1. From (18) it is deduced that the integral in (15) –
together with the frequency, material properties, and width 2h –
is directly related to the average power of the excitation. Therefore,
all equivalent loads Si generating the same amplitude A1 are char-
acterized by the same power inﬂux into the strip.
Using (3), such a dynamic equivalence can be exempliﬁed by
two excitations, S1ðyÞ and S2ðyÞ, with uniform and half-cosine dis-
tributions over the thickness 2h, respectively, deﬁned by
S1ðyÞ ¼ A0 ð19aÞ
S2ðyÞ ¼ A0 cos p2
y
h
 
: ð19bÞ
The excitation amplitude A0 is left unspeciﬁed, rather than
taken as unity, for future use. The amplitude of the sole propagat-
ing mode under the action of each excitation in (19) is obtained
from (15) to yield (Karp, 2008)
An
A0
¼  1
Jn
4
p
dn1
Cn
sin
p
2
Cn
 
þ d
n
2
Dn
sin
p
2
Dn
  
ð20aÞ
An
A0
¼  1
Jn
4
p
dn1
ð1 C2nÞ
cos
p
2
Cn
 
þ d
n
2
ð1 D2nÞ
cos
p
2
Dn
 " #
ð20bÞ
with n ¼ 1 and d1;d2;C, and D are as deﬁned in (A.6) and (A.8) of
Appendix A. For the sake of illustration, consider two non-dimen-
sional frequencies: X ¼ 0:5;1:4 (deﬁned in A.5). Table 1 gives a
numerical evaluation of the amplitudes (20) and average power
(18) for these two frequencies using the following non-dimensional
form (A.15)
hP01i  X
A01
A0


2
ImfJ01g: ð21Þ
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quantity as deﬁned by ((A.12)–(A.14)). The ratio of the average
power generated by these two excitations (19a,b) is also shown in
Table 1, exposing the effect of the frequency for the same excitation
amplitude A0.
The two excitation forms can be adjusted to deliver an identical
average power by altering the amplitudes according to (21). Such
adjustment for these two excitation forms at two typical frequen-
cies is shown in Table 2.
The derivation given above can be concluded as follows. The
same dynamic response in the far-ﬁeld is encompassed in the dis-
placement ﬁeld (12), which is valid beyond the distance l0:01. Under
the limitations of a low frequency (below the ﬁrst cut-off) and
symmetric excitations, dynamically equivalent loads (3) generat-
ing the same displacement (12) are those that have the same fre-
quency and average power
r0xi is equivalent tor
0
xj if
xi¼xj
hPii¼hPji

and
xi<xcutoff
Si;Sj are symmetric

ð22Þ4. No-radiation condition
Consider the conditions to be met by an excitation in order to
generate a response in a strip limited to the immediate vicinity
of its application. That response would be characterized by a van-
ishing far-ﬁeld response Eq. (12).
To nullify the far-ﬁeld response in Eq. (12) for a non-zero fre-
quency, the amplitude A1 needs to be zero. The amplitude can be
extracted from (18) to yield
jA1j2 ¼  1ImfJ1g
4h
xl
hP1i: ð23Þ
From (23) it can be concluded that the only condition for a zero
amplitude is when the excitation delivers no energy, averaged over
the period of the excitation
hP1i ¼ 0 () A1 ¼ 0: ð24Þ
Under such conditions, no energy is radiated into the strip and
is therefore termed, after Babenkova and Kaplunov (2004), as the
no-radiation condition. This condition should not be confused with
Sommerfeld’s radiation condition, which refers to non-reﬂecting
boundaries at inﬁnity (Sommerfeld, 1949), although both condi-
tions bear the same physical meaning.
Imposing (24) on (15) generates a requirement on the form of
the excitationZ h
h
SðyÞU1x ðyÞ
 
dy ¼ 0 ð25Þ
that will not disturb the far-ﬁeld. Requirement (25) is valid as long
as only one propagating mode is available, which occurs when the
excitation frequency is smaller than the ﬁrst cut-off frequency
X < 1:63 (for Poisson’s ratio 1/4). For an asymptotically small exci-
tation frequency, X << 1, an explicit requirement on S is given by
Babenkova and Kaplunov (2004) in Eq. 4.21.Table 2
The excitations S1ðyÞ and S2ðyÞ adjusted for dynamic equivalence at two frequencies
for a strip with Poisson’s ratio m ¼ 1=4.
Frequency Equivalent loads
S1ðyÞ S2ðyÞ
X ¼ 0:5 A0 A0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2:435
p
Cos p2
y
h
	 

X ¼ 1:4 A0 A0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1:665
p
Cos p2
y
h
	 
The notion of dynamic equivalence may be exploited here to
illustrate the applications of the no-radiation condition. Consider
two excitations Sa and Sb in Eq. (3) acting on the same strip with
the same frequency, one at a time. Also, assume that both excita-
tions are symmetric and adjusted to deliver the same average
power
hPai ¼ hPbi: ð26Þ
From (23), the far-ﬁeld response (12) in both cases will have the
same amplitudes
A1a ¼ A1b; ð27Þ
implying an identical far-ﬁeld response (12). If the loads are in-
phase, subtracting system b from system awill result in zero ampli-
tude in the far-ﬁeld
A1a  A1b ¼ 0 ð28Þ
and another system of loads, Snr , having zero average power
hPai  hPbi ¼ 0: ð29Þ
The conditions for no-radiation are then
no-radiation condition
x < x1st cut-off
hPi ¼ 0

: ð30Þ
The second condition in (30) is satisﬁed when A1 ¼ 0, as in (24).
The dynamic response of a strip subjected to an excitation-fulﬁll-
ing condition (30) is then limited to the near-ﬁeld, as dictated by
evanescent waves extending to a distance given by (9).
The form of the excitation that will not generate any radiation
of energy beyond l0:01 is obtained from subtraction above
SnrðyÞ ¼ SaðyÞ  SbðyÞ ð31Þ
where Sa and Sb deliver the same average power into the strip (26)
and Snr is the explicit form of the excitation associated with the no-
radiation condition (30) that fulﬁlls the equality
Z h
h
ðSnrðyÞU1x ðyÞÞdy ¼ 0: ð32Þ
Since U1x ðyÞ depends on frequency, the form of Snr is also frequency
dependent. For example, the two excitations given in (19) can be
used to derive the forms of non-radiating excitations at a frequency
of X ¼ 0:5, given by
Snr jX¼0:5 ¼ A0 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2:435
p
cos
p
2
y
h
 h i
; ð33Þ
and at a frequency of X ¼ 1:4
Snr jX¼1:4 ¼ A0 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1:665
p
cos
p
2
y
h
 h i
: ð34Þ
Condition (32) shows the orthogonality between the two func-
tions. To illuminate Eq. (32), consider the excitation (34) and the
appropriate displacement Ux at the same frequency, given in (A.7)
UxðyÞjX¼1:4 ¼ i
p
2h
29:5142 cos 1:56993
y
h
 h
þ0:98136 cosh 0:873285 y
h
 i
: ð35Þ
These two functions (with an appropriate normalization) and
their product are shown in Fig. 1.
The no-radiation condition for frequencies below the ﬁrst cut-
off frequency implies that the form of the excitation that will not
induce any propagating wave is frequency dependent and can be
found by subtracting any two symmetric excitation forms Si ad-
justed to deliver the same average power.
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Fig. 1. Excitation form (34), the displacement form Ux (35) at frequency X ¼ 1:4 and their resultant across the width of the plate.
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It is instructive to compare the effect of self-equilibrated excita-
tions with the effect of non-self-equilibrated excitations. To that
end, let us consider three self-equilibrated excitations
Sse1ðyÞ ¼ A0 cos p2
y
h
 
 2
p
 
ð36aÞ
Sse2ðyÞ ¼ A0 cos p yh
 
ð36bÞ
Sse3ðyÞ ¼ A0 715 2
y
h
 2
þ y
h
 4 
ð36cÞand three non-self-equilibrated excitations, two of which are given
by (20) and the third by
S3ðyÞ ¼ A0 cosh 1:32 yh
 
 1
h i
: ð37Þ
The forms of these excitations for A0 ¼ 1, except for a uniform
excitation (19a), are shown in Fig. 2. The self-equilibrated excita-
tions fulﬁll the conditionZ h
h
SseðyÞdy ¼ 0 ð38Þ
at any instant t.
The normalized average power (21) can be evaluated for all
available propagating modes, as shown by Karp (2008). Fig. 3 de-
picts the normalized average power (21) of the propagating wave
due to the three self-equilibrated excitations (36a,b,c) and the
three non-self-equilibrated excitations (19) and (37) for a normal-
ized frequency (A.5), up to the ﬁrst cut-off frequency. It is apparent
from Fig. 3 that the self-equilibrated loads induce a negligible aver-
age power below the frequency X  1. At frequencies above 1.3,
the power of the non-self-equilibrated excitation S3 is smaller than
the power generated by the self-equilibrated excitation Sse2. At fre-
quencies approaching the cut-off frequency, the average power of
the self-equilibrated excitation Sse2 (36b) is of the same order of
magnitude as the average power of the non-self-equilibrated
excitations S1 and S2 (19). At that same frequency, the non-self-equilibrating excitation with the form S3 generates a negligible en-
ergy inﬂux.
It is notable that the excitations with zero net power, given in
(33) and (34), have an instantaneous maximum force averaged
over the cross section at a frequency of X ¼ 0:5 that is given
by
1
2h
Z h
h
SnrjX¼0:5dy ¼ 0:00658753 A0: ð39Þ
At the frequency X ¼ 1:4, the instantaneous maximum force is
given by
1
2h
Z h
h
SnrjX¼1:4dy ¼ 0:178538 A0: ð40Þ
It is understood from the harmonic nature of the excitation (3)
that these are temporary maxima, while the average of the self-
equilibrated loads (36a,b,c) is zero at all times.
6. SVP for symmetric dynamic ﬁelds
The derivation of the conditions for no-radiation and the
dynamic equivalence criteria allow one to formulate SVP for
dynamic ﬁelds in an elastic strip, based on the two classical formu-
lations of SVP with only minor modiﬁcations. These conditions are
given below, and the italics designate the following replacements:
statically ! dynamically,
loads ! excitations, and
self-equilibrated ! delivering zero average power.
The two modiﬁed versions take the following forms:
(A) The eqivalence version: if a certain set of external excitations
acting on a certain part of a surface of a body is replaced by
another system of external excitations dynamically equiva-
lent to the preceeding system and distributed over the same
sector, the stresses corresponding to these two excitations
will be identical at a sufﬁcient distance from the point of
application of the excitations. Modiﬁcation of Cherepanov
(1979, p. 40).
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Fig. 2. Proﬁles of the excitation forms (19b), (36) and (37) for A0 ¼ 1 (S1 is not shown).
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the application, to a small part of its surface, of a system of
loads producing zero average power (non-radiating), are of
negligible magnitude at distances which are large compared
with the linear dimensions of the part. Modiﬁcation of Love
(1944, p. 132).
For the validity of these formulations, a fulﬁlment of the condi-
tions in Eq. (22) is understood. These conditions restrict the formu-
lation to waveguides, which may be viewed as the dynamic
analogue of beam problems.
There are two fundamental properties that constitute the clas-
sical SVP: the existence of a family of equivalent loads dictating
the same far-ﬁeld response, and the local nature of end effects that
vanish at some distance from the excited end. In the static case, the
equavalents are deﬁned by Eq. (1), and the decay distance is dic-
tated by the smallest imaginary part of a valid eigenvalue. In the0.0 0.2 0.4 0.6 0.
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Fig. 3. Average normalized power hP01i (21) as a function normalized frequency for three
for a strip with Poisson’s ratio m ¼ 1=4.dynamic case, the equivalents are the average power and the fre-
quency (22), while the decay distance is governed by the complex
wavenumbers that are associated with the evanescent waves. It is
shown in the sequel how the formulations (A) and (B) for dynamic
ﬁelds coincide with the static formulation of SVP based on the
mathematical expressions of these two properties in the limit
where the frequency approaches zero.
To begin, let us consider the decay distance of the evanescent
waves. The asymptotic expansion of the Rayleigh–Lamb equation
(8) around zero frequency is known to lead to the Fadle-Papkowich
equation for a strip with free lateral faces (e.g., Miklowitz, 1978, p.
209). Thus, the roots of both equations coincide for X! 0. More-
over, due to the bi-quadratic nature of the Rayleigh–Lamb equa-
tion, the complex brunches of the solution are normal to the zero
frequency plane @n
@x ¼ 0, making the values of the complex wave-
numbers to remain close to the values of the static eigenvalues
even when X–0, provided that X < Xcut-off . Therefore, the criterion8 1.0 1.2 1.4 1.6
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Fig. 4. Average normalized power (21) as a function of frequency at low frequencies for the three self-equilibrated loads (36a,b,c) for a strip with Poisson’s ratio m ¼ 1=4 as
calculated using asymptotic expansion for X << 1.
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identical for both the dynamic and the static ﬁelds.
Next, consider the reduction of the dynamic equivalents to the
static equivalents (keeping in mind that only symmetric ﬁelds are
excited). In particular, the question is whether a difference be-
tween two dynamically equivalent excitations, characterized by
zero power
hPi ¼ 0; ð30Þ
reduces to a difference between two statically equivalent loads that
are characterized by a self-equilibrated loadZ h
h
r0xdy ¼ 0: ð41Þ
To that end, let us recall the expression for the amplitude of the
propagating mode
A1
A0
¼  1
J1
Z h
h
ðSU1x Þdy: ð15Þ
For asymptotically small frequencies ðX << 1Þ, the wavenum-
ber for the fundamental propagating mode is given by (Achenbach,
1973)
k1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m
2
r
X ð42Þ
Inserting (42) into (A.6) and taking the frequency to be assymp-
totically small we ﬁnd that
C1 << 1 D1 << 1: ð43Þ
Under the conditions of (43), the displacement ﬁeld Ux (A.7) is
independent1 of y within the range jyj 6 h. Then, Eq. (15) can be
rewritten as
A1
A0
¼  1
J1
U1x
Z h
h
Sdy: ð44Þ
The requirement of a zero average power, as obtained from the
difference between two dynamically equivalent loads, requires
zero amplitude for the propagating mode (24). Combining (24)
with (44) yields the requirement of zero power at frequencies
approaching zero1 This simple observation was suggested to the author by N. Argman.A1 ¼ 0)
Z h
h
Sdy ¼ 0 ð45Þ
which, by (3), is identical to (41). Fig. 3 shows that the self-equili-
brated excitations (36) produce a vanishing average power at low
frequencies, in accordance with (45). Fig. 4 zooms in on the origin
shown in Fig. 3, emphasizing the result of Eq. (45).
A second form of mixed boundary conditions at the end pre-
scribe axial displacement as an excitation and zero transverse
traction
u0x ¼ A0UðyÞeixt
s0xy ¼ 0
at x ¼ 0: ð46Þ
Using (46) instead of (3) in the derivation given above, the
amplitude of the ﬁrst propagating mode is given by (Karp, 2008)
A1
A0
¼  1
J1
Z h
h
ðUS1x Þdy: ð47Þ
The requirement of zero average power (30) reduces, for
asymptotically small frequencies, to a requirement on the
displacement
hPi ¼
Z h
h
u0xdy ¼ 0: ð48Þ
Eq. (48) coincides with the condition for decay for the static
ﬁelds given by Gusein-Zade (1965).7. Discussion
The result of a vanishing average power generated by self-equil-
ibrated excitations oscillating at a low frequency, as shown in
Fig. 4, is in agreement with the formulations of DSVP suggested
by Gomilko et al. (1995) and Babenkova and Kaplunov (2005).
Gomilko et al. (1995, p. 1153) formulated DSVP as follows: ‘‘When
a self-balanced system of forces acts on the end of semi-inﬁnite
strip, stresses arise as a result of this system only near the end.
At a signiﬁcant distance from the point of application of the forces
the effect of such a load is practically zero”. From a mathematical
point of view, Gomilko’s formulation is exact.
The point of departure between the DSVP formulation in (A) and
(B) and the formulation suggested by Gomilko et al. (1995) lies not
only in the extension of validity to higher frequencies (up to the ﬁrst
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guishes these formulations. To further highlight this point, consider
two self-equilibrated excitations: (36a) and (36b). At low frequen-
cies, both generate zero average power, as provided by (45).
However, in Fig. 3, it is observed that at frequencies above X ¼ 1:2,
the power of these excitations is remarkably different – both are
clearly not zero. This means that at higher frequencies, self-equilib-
rium of the excitation is not a criterion for a vanishing far-ﬁeld
response. The same conclusion can be drawn from the observation
that theamplitudeof the far-ﬁeldA1 in (23) isdictatedby theaverage
power of the excitation rather than its static equivalents.
Another version of the SVP for dynamic ﬁelds was derived by
Flavin and Knops (1987). Using the classical method of energy
inequalities, as employed by Toupin (1965), they succeeded in
proving that the effect of dynamic excitation remains localized in
the vicinity of the excited end. That localization, associated with
its spatial decay, was achieved by one of two phenomena: viscous
damping or clamping of the lateral boundaries of the waveguide.
To comprehend how the propagating waves are suppressed by
clamping, see Karp and Durban (2005), who show that there are
no propagating modes below the ﬁrst cut-off frequency under such
conditions. In other words, A1 in Eq. (12) and hP1i in Eq. (18) are
zero for a strip with clamped lateral faces, regardless of x and
the form of the excitation S.
Two remarks made by Flavin and Knops (1987) on the wave-
guide with free lateral surfaces are important in the context of
our work. Remark 2 in Section 1 (p. 255) reads: ‘‘The results
1.18–1.20 remain valid if g ¼ 0 (no viscosity) provided that special
initial conditions, appropriate to the forced oscillation are
adopted.” Remark 4 in Section 2 (p. 261) reads: ‘‘. . .Theorem 2 con-
tinues to be valid in the absence of damping provided that the
complementary oscillation (undumped in the ideal elastic case)
which co-exists with the forced oscillation is subtracted out.” The
no-radiation condition, derived in Section 4 above, provides some
insight into the ‘‘complementary oscillation” that is subtracted
and the ‘‘special initial conditions” that should be adopted. In view
of Eq. (31), the ‘‘complementary oscillation” can be considered as
an equivalent excitation having the same average power and fre-
quency as the main load. The ‘‘special initial condition” is Snr that
does not generate propagating modes.
The practical aspects of the classical SVP can be used to further
explore the distinction between the various formulations of DSVP.
The importance of SVP stems from the necessity to replace one sys-
tem of loads (either unknown or unsolvable) by another one, solu-
tion to which is tangible. The criteria for replacement are the static
equivalents. If one wishes to retain the self-equilibrium as a crite-
rion in a dynamic case, the equivalence of loads having the same
magnitude should be justiﬁed, which is not possible due to lack
of correlation between the magnitude of the exciting load at any
instant and the far-ﬁeld response (compare, for example, Eqs.
(39) and (40) with Eqs. (33) and (34)).
An alternative is to retain the idea of equivalence in the exten-
sion of the SVP, rather than retaining the idea of self-equilibrium.
The dynamic equivalence formulation (A) suggests that if one
wishes to replace a system of dynamic loads (not known exactly)
by another one, the criterion for replacement should be the fre-
quency and the average power (22). Thus, if the frequency and
the average power for some particular problem are known, the
far-ﬁeld response can be found from Eq. (23), even if the exact spa-
tial form of the excitation S in (3) is not known. The extent of the
near-ﬁeld response can be estimated to be of the same order as in
the static problem, probably except for a small frequency range
very close to the cut-off frequency.
It turns out that a dynamic equivalence formulation in the form
suggested above is already applied in engineering in the ﬁeld of ac-
tive noise and vibration control. The cancellation of an unwantedsound ﬁeld is achieved by an array of sources activated to generate
a secondary acoustic ﬁeld having the same frequency and average
power with an inverse polarity to the main source, resulting in a
destructive interference (Rosenhouse, 2002).
To illustrate the questionable usefulness of the reliance on the
of spatial decay per se, for dynamic ﬁelds, consider the case of a
waveguide with clamped lateral boundaries, as studied by Flavin
and Knops (1987), among other researchers (e.g., Knops, 1989,
Borrelli and Patria, 1995, Chirita and Quintanilla, 1996, Aron and
Chirita, 1997). Such conditions provide a straightforward example
for the validity of the SVP for dynamic ﬁelds, since under these
conditions, no propagating waves are possible below the ﬁrst
cut-off frequency. Therefore, any excitation oscillating with a fre-
quency below the cut-off frequency will affect only a limited re-
gion in the vicinity of the excited end; this result holds whether
the excitation is self-equilibrated or not. Nevertheless, that local-
ized response does not provide any criteria for replacing one prob-
lem with its equivalent. The viscous dumping mechanism can be
used for the same illustrative purpose.
Further uniﬁcation of the static and the dynamic formulations
of SVP can be achieved by noting that in both cases the validity
of the principle stems from being the far-ﬁeld response not sensi-
tive to the form of the excitation. Based on the observations made
above, a strip for which both the DSVP and SVP are valid can be
thought of as a structure having the property according to which
the strains and stresses far from the loaded end are insensitive to
the exact form of the excitation. Experimental investigations along
that line are reported in Karp et al. (2008) for the quasi-static and
transient response of a beam and in Karp et al. (2009) for the
transient response of a rod. In both cases, such insensitivity was
conﬁrmed to some degree; complete agreement is not expected
due to the high frequency content of transient loads, especially
in the second case of a high velocity impact (e.g., Karp, 2008).
That uniﬁcation, emphasizing the insensitivity, has been inspired
by a brief comment by Bell (1973): ‘‘. . . impacts of small hollow cyl-
inders of the same area as the solid rod demonstrated that beyond
the ﬁrst half-diameter the experimental results were insensitive to
the major changes in the spatial distribution of loading at the im-
pact face” (p. 351). Both static and dynamic end effects are limited
to a distance l0:01 given by (9) with Imfng obtained from the same
mathematical formalism, suggesting that it is not reasonable to
have DSVP valid while SVP is not, or vice versa; a more general proof
is still sought. Experimental evidence for the same extent of end ef-
fects in the static and dynamic conditions can be observed in photo-
elastic investigations. Photoelastic fringe pattern of a semi-inﬁnite
strip with concentrated static load applied at a center of the width
of a strip is shown by Theocaris (1959). This pattern is very similar
to the pattern shown by Meyer (1964) for a concentrated impact
load, taken from Flynn et al. (1962). In a work of Kawata and
Hashimoto (1967) the static and dynamic concentration factors
around irregularities are compared. From fringe patterns given
one can conclude on the similarity of the affected region in the sta-
tic and the dynamic cases. The same localized dynamic response
around a hole in a strip is shown by Flynn and Frocht (1961) along
with comparison between uniform and concentrated load excita-
tion of a strip. This comparison bears the same equivalence notion
suggested by Bell (1973) and as adopted here.
Finally, it is appropriate to demonstrate how the commonly
raised objections to the formulations of the DSVP can be settled
down. The most common objection, as mentioned in the Introduc-
tion, is due to existence of propagating modes in a waveguide with
free faces (both cylindrical and strip-like) representing non-decay-
ing ﬁelds even when self-equilibrated loads are applied. This is
best explained in an article by Grandin and Little (1974). The
transition to equivalent dynamic excitation criteria for the DSVP
remedies that obstacle. A serious objection to the DSVP was raised
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beam based on Timoshenko’s equation. His argument lies in the
observation that a pure bending disturbance of a beam propagates
with higher velocity than a shear disturbance and therefore two
equal-magnitude moments will generate different far-ﬁeld re-
sponse. This observation is correct but it does not oppose the DSVP
suggested here since the shear mode is a second anti-symmetric
mode, available only above the ﬁrst anti-symmetric cut-off fre-
quency (e.g., Abramson et al., 1958, p. 157), whereas here it is sug-
gested to restrict the validity of DSVP to frequencies below the ﬁrst
cut-off. In other words, these two equal-magnitude moments do
not comply with the requirements for equivalent excitations as de-
ﬁned in (22).8. Concluding Remarks
The distinction between the near and the far-ﬁelds of an elas-
tic, semi-inﬁnite strip due to a symmetric excitation has been
employed to expose dynamic equivalent excitations. These dy-
namic equivalent excitations were then used to derive the condi-
tions under which the excitation will not generate energy inﬂux
down the strip. Contrary to the static case, where the far-ﬁeld re-
sponse is nulliﬁed by self-equilibrated loads, the zero average
power nulliﬁes the far-ﬁeld in the dynamic case. Yet, it is shown
that the two conditions coincide in the limit of a vanishing
frequency.
The deﬁnition of equivalent loads was exploited to modify the
classical formulation of SVP to dynamic ﬁelds in a waveguide,
though limited to symmetric and harmonic excitations oscillating
with frequencies below the ﬁrst cut-off. The derivation for mixed
end data was used for convenience. It appears to be feasible to gen-
eralize the result obtained above to pure end conditions by using
other orthogonality conditions, as suggested by Babenkova and
Kaplunov (2005). Possible extensions of the formulation to anti-
symmetric excitations or with frequencies above the ﬁrst cut-off
are left for the next publication.Appendix A. Symmetric wave modes and non-dimensional
formulation
The displacement ﬁeld in a wave guide, assuming a series
expansion, is written in the form
uðx; y; tÞ ¼
X
n
AnUnðyÞeiðnnxxtÞ ðA:1Þ
where the summation is taken over the all admissible wavenum-
bers nn. For a symmetric ﬁeld and wave guide subjected to plain
strain with lateral faces free of traction, the wave modes are given
by
UnðyÞ ¼
Unx ðyÞ
UnyðyÞ
( )
¼ innCosðcnyÞ þ BndnCosðdnyÞcnSinðcnyÞ  iBnnnSinðdnyÞ
 
; ðA:2Þ
with
Bn ¼ 2i cnnn
n2n  d2n
SinðcnhÞ
SinðdnhÞ ¼ 
1
2i
n2n  d2n
dnnn
CosðcnhÞ
CosðdnhÞ ðA:3Þ
and
cn 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
C2L
 n2n
s
dn 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
C2T
 n2n
s
; ðA:4Þ
where 2h is the width of the strip and CL and CT are the longitudinal
and transverse wave velocities, respectively, in an inﬁnite medium.
It is convenient to deﬁne the non-dimensional quantities as followskn  2hp nn X 
2h
pCT
x
1
j2
¼ CT
CL
 2
¼ 1 2m
2ð1 mÞ ðA:5Þ
where m is the Poisson’s ratio and CL and CT are the longitudinal and
transversal velocities in inﬁnite media, respectively. The non-
dimensional parameters (A.5) for the nth mode give
cn 
p
2h
Cn Cn 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X2
j2
 k2n
s
dn  p2hDn Dn 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X2  k2n
q ðA:6Þ
Substitution of these non-dimensional quantities into relations
(A.2), together with Hook’s laws, will yield
Unx ðyÞ ¼
p
2h
dn1 cos
p
2
Cn
y
h
 
þ dn2 cos
p
2
Dn
y
h
 h i
¼ p
2h
U0nx
UnyðyÞ ¼
p
2h
dn3 sin
p
2
Cn
y
h
 
þ dn4 sin
p
2
Dn
y
h
 h i
¼ p
2h
U0ny
TnxyðyÞ ¼
p
2h
 2
dn5 sin
p
2
Cn
y
h
 
þ dn6 sin
p
2
Dn
y
h
 h i
¼ p
2h
 2
T 0nxy
Snx ðyÞ ¼
p
2h
 2
dn7 cos
p
2
Cn
y
h
 
þ dn8 cos
p
2
Dn
y
h
 h i
¼ p
2h
 2
S0nx
ðA:7Þ
with
dn1  ikn dn2  BnDn
dn3  Cn dn4  iknBn
dn5  2iknCn dn6 ¼ Bn D2n  k2n
h i
dn7  ðX2  2C2nÞ dn8  2iknBnDn
ðA:8Þ
and
Bn ¼ 2i Cnkn
X2  2k2n
sin p2Cn
	 

sin p2Dn
	 
 ¼  1
2i
X2  2k2n
Dnkn
cos p2Cn
	 

cos p2Dn
	 
 : ðA:9Þ
Here, the stresses are given by
rnðyÞ ¼ r
n
x ðyÞ
snxyðyÞ
( )
¼ l S
n
xðyÞ
TnxyðyÞ
( )
: ðA:10Þ
The non-dimensional form of the amplitude ratio (13) is then
An
A0
¼  2h
p
 2 1
J0n
Z h
h
SðyÞU0nx ðyÞ
	 

dy ¼ 2h
p
 2 A0n
A0
ðA:11Þ
Here
A0n
A0
¼  1
J0n
Z h
h
SðyÞU0nx ðyÞ
	 

dy ðA:12Þ
with (14) as
Jn ¼
p
2h
 3 Z h
h
T 0nxyU
0n
y  S0nx U0nx
 
dy ¼ p
2h
 3
J0n: ðA:13Þ
Finally, the average power (18) will take the form
hPni ¼ lCT4h
p
2h
 2
XjA0nj2ImfJ0ng ¼
lCT
4h
p
2h
 2
P0n
  ðA:14Þ
where
P0n
   X A0n
A0


2
ImfJ0ng: ðA:15ÞReferences
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